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Abstract 

We consider solutions of the Allen-Cahn equation in the whole Grushin plane 
and we show that if they are monotone in the vertical direction, then they are 
stable and they satisfy a good energy estimate. 

However, they are not necessarily one-dimensional, as a counter-example 
shows. 



> 

On . 

^2 ' 1 Introduction 

\q . We consider here the Grushin plane G (see [llj), that is M 2 endowed with the vector 
O ! fields X = 4- and Y = x4-. We also define T := [X, Y] = |-. 

00 i ox dy L J dy 

The Grushin gradient is then Vg := (X, Y) (with the coordinates taken in the (X, Y)- 
frame) and the Grushin Laplacian is A G '■= X 2 + Y 2 . 

^ ■ We denote by < -, • > the standard scalar product (when the vectors are taken in the 
(X, y)-frame), so that, for a smooth function v we have 



|VcMC)| = V< MPSC> = y/(Xv(Q) 2 + (Yv{Q)*, 
for any ( G I 2 . 

Moreover, the Grushin norm on G is denned as 

\\(x,y)\\ := y\x\* + 4\y\ 2 
for any (x, y) el 2 , and then the Grushin ball of radius R > centered at ( G M 2 is 

Bfl(C) :={ V eR 2 s.t. \\ V -a<R}. 

The main purpose of this paper is to study solutions of the Allen-Cahn equation in the 
Grushin plane, that is 

A G u(()+f(u(()) = (1-1) 
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for any ( G I 2 . 

We take, for simplicity, / G C 1 , though less regularity is also possible to be dealt with. 

A particular case of interest is when / = —W and W is a double-well potential. 
Namely, through this paper, we denote by W a function with the following properties: 
W G C 2 (R) is an even function for which W(±l) = < W(r) for any rel, W"(0) ^ 
0, W"(±l) ^ 0, and such that 

W'(s) = if and only if s G {-1, 0, +1}. (1.2) 



Inspired by a famous conjecture of De Giorgi (see f6]), one may wonder under which 
conditions the solutions of (11.11) are one-dimensional, i.e., their level sets are straight 
lines and so, up to rotation, they depend on only one variable (at least when / = —W). 

Natural requirements for such symmetry are monotonicity and stability conditions. 
Namely, if u is a solution of (11. ip . we say that u is stable if 

/ |V G <K*)| 2 - / f'(u(x))(<t>(x)) 2 dx>0 (1.3) 

JR 2 JQu 

for any (p G C °°(M 2 ). 

Stability is a natural condition in the calculus of variation, since it states that the 
energy functional associated to (II -ip has non-negative second derivative. The stability 
condition has thus been widely used in connection with the problems posed by [5] (see, 
for instance, [HE] and references therein). 

Also, in the Euclidean setting, the stability condition holds true whenever u is monotone 
in some direction. The analogy in the Grushin setting is somehow more delicate, since 
the space is not homogeneous with respect to the choice of a particular direction. 

Thus, the monotonicity studied in this paper is the following. We are mostly concerned 
with solutions that are monotone in the ^/-direction, that is for which 

Tu(() > Ofor anyC G M 2 . (1.4) 

We shall show that (11.41) implies (11.31) (see Proposition 13. II below) . 

Symmetry properties for solutions of (11. ip in the Grushin plane have been recently 
studied in [8]. For instance, [8] pointed out the following result: 

Theorem 1.1. Let us assume that u is a stable solution of ( II. ip in the whole M 2 such 
that 

TYuXu(C) ~ TXuYu(C) < for any ( G M 2 . 
Suppose that there exists C > 1 in such a way that 

[ x 2 \V G u\ 2 <C R\ (1.5) 
Jb(o,r) 
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for any R > C . 
Assume also that 

V G u{() ^ for any ( E R 2 . (1.6) 
Then, u depends only on the x-variable. 

We observe that (11.61) is also a sort of monotonicity condition, while (11.51) is an energy 
growth requirement (and energy bounds are often needed in the Euclidean case too, see 
[1]). We shall show that (ll.4p implies also (ll.5p . at least when / = — W (see Theorem 
Ed below). 

This said, a natural question arises. Namely, 

Question 1.2. Is it true that bounded solutions of (II. ip which satisfy (II. 4p are one- 
dimensional (at least for f = —W')? 

Note that one may be quite tempted to answer yes to such a question, since (II .4p 
implies both the stability condition and the good energy growth in (II .5p (again, see for 
this Proposition 13.11 and Theorem 14.21 here below). 

The main purpose of this paper is in fact to show that the above question has a negative 
answer. 

This will be accomplished in Theorem I5.2[ by constructing a counter-example which 
follows the lines of the one in [I] . 

The paper is organized in the following way. After gathering some elementary obser- 
vations in Section we point out in Section [3] that the monotonicity condition in (jl .41) 
implies the stability condition in (11.31) . 

Then, we develop in Section H] the energy estimates which show that the monotonicity 
condition in (ll.4p also implies the energy growth in (11.51) . 

Finally, Section contains the construction of the counter-example which shows that 
Question 11.21 has a negative answer. 

2 Preliminaries 

We collect in this section some elementary, but useful, observations. The expert reader 
may surely skip this section. 

2.1 An integration by parts 

We now point out a variation of Green formula, complicated here by the non-homoge- 
neous Grushin scaling. 
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Lemma 2.1. Let u G A 2 (JR 2 ), v G A^IR 2 ). Suppose that \S7 G u\ G L 



- oo/Tn>2\ 



and i/ia£ 



w > 0. 
Then 



\ ( < Vgm, Vg^ > +A G uf ) 

•/B H (0) v y 



> -R 2 \\V GU \\ L a 



v(RX, R 2 Y) dH\X,Y). 



(2.1) 



9Bi(0) 



Proo/. We set t/(X, F) := u(i?X,i? 2 F), V(-X", Y) := v(RX,R 2 Y). Then, by changing 
variable, we have 



/ ( < V g m, V g v > +A G uv) 
Jb r (o) v 7 



d x u(x, y)d x v(x, y) + x 2 d y u(x, y)d y v(x, y) 



+d xx u(x, y)v(x, y) + x 2 d yy u(x, y)v(x, y) ) dx dy 



.2 



i?' i? 2 



i? 2 



ar 
P 2 ' 



= i2 / dxU(X,Y)d x V(X,Y)+X 2 d Y U(X,Y)d Y V(X,Y) 

^-Bi(O) 

+<9 xx t/(X, F)F(X, F) + X 2 ay y [/(X, F)V(X, F) dX dY. 
Thence, by the standard Euclidean Divergence Theorem, 

/ ( < V G u, V G v > +A G uv) 



R 



div 



B X (0) 



dXdF 



F(X, F) (dxt/(X, F),X 2 9y[/(X, F)^ 
i? / F(X, F) (d x U(X, Y),X 2 d Y U(X, Y)) ■ v E (X, Y) dH\X, F), 

JdBUO) V ' 



(2.2) 



where "•" denotes the standard Euclidean scalar product and ll v En is the standard 
Euclidean outward normal of <9i?i(0). 

We write (E2D as 



/ ( < Vg«, Vg^ > +Aquv 
R 2 [ v(RX,R 2 Y)(d x u(RX,R 2 Y),RX 2 d y u(RX,R 2 Y) 



■v E {X,Y)dH 1 {X,Y) 
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and so, since the Euclidean norm of v E is 1, 
/ ( < Vgm, Vg^ > +A G uv ) 



>-R 2 [ v(RX,R 2 Y) (d x u{RX,R 2 Y),RX 2 d y u{RX,R 2 Y)) dH x (X,Y), 

(2.3) 

where | • \e is the Euclidean norm. 

We now observe that, for any (X, Y) G <9£?i(0), we have \X\ < 1 and 



d x u{RX,R 2 Y),RX 2 d y u{RX,R 2 Y) ' 



E 



= (d x u{RX,R 2 Y)^j + R 2 X 4 (d y u{RX,R 2 Y) 
< (d x u(RX, R 2 Y)^j 2 + R 2 X 2 (d y u(RX, R 2 Y) 



= \V G u(RX,R 2 Y)\ 
< \\Vgu\\l° 



From this and we get (12111 . □ 

2.2 An interpolation inequality 

We point out the following elementary estimate: 
Lemma 2.2. Lei ft, G C 2 (M). Tften, 

||ft'||z,°°(R) < 21 ||/i||l°°(K) + ||ft"IU°°(R) )• (2-4) 



Proof. We may assume that both ||/i||l°°(k) an d ||ft"IU°°(]R) are finite, otherwise (I2.4p is 
void. 

First, we observe that, for any j G Z, there exists tj G [j, j + 1] in such a way that 

\h'(t j )\<2\\h\\ L o 0{R) . (2.5) 

Indeed, if (I2.5P were false, there would exist j Q G Z such that |ft'(i)| > 2||/i||x«=(R) for 
any £ G j + 1]. Since ft' is continuous, this means that either ft'(i) > 2||ft|| i oo( ]R ) 
or ft'(i) < — 2||ft|| i0 o( K ) for any t G j + 1]. We assume that the second possibility 
holds (the first case is analogous). Then, 



rjo+l 

-2||ft|U~ (R ) < h(j + 1) - h(j ) = / ft'(t) alt 

J jo 

rjo+l 

< / ( — 2||ft|| L oo( M )) dt = — 2 1| ft. 1 1 2,00 (R) 

•J jo 



This contradiction proves (12.51) . 

Then, making use of (I2.5p . given any j G Z and any t G [j,j + 1], 



t 

ti'(s) ds 



\h\t)\ < \ti(tj)\ H 

< 2||/i|| i o ( ]R ) + ||/i'||l°o( K )|£ — tj\ < 2||/?,|| L oo( IR ) + ||/i'||lcx)( R ). □ 



2.3 ODE analysis 

The scope of this section is an elementary analysis of the solutions h G C 2 (R) of 

h"(t) = W'(h(t)) for any t G K. (2.6) 

Recall that for any any C 2 solution of (12.61) and any s, t G R, 

|/1 ' (S)|2 - W(h{s)) = - W(h(t)). (2.7) 
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Furthermore 

Lemma 2.3. Lei /i be bounded. Then, 

\\h\\c><K)<C, (2.8) 

for a suitable C > 0, possibly depending on ||/i||z,°°(r). 
y4/so ; /or any t el, 

- Wfinf/i) = -w(sup/i) = \ k ®\ 2 -W(h(t)). (2.9) 
V r / V u / 2 

Proof. By construction, 

|/i"(t)| < ^ max 

[— ||/»||l,OOp[),||fe||jr,DO()J)] 

and so, by QZM . we get CTl . 
We take 

(jG inf ft,, sup ft >. 
I R R J 

Let also £ n be a sequence for which 

lim h(t n ) = a. 



n— >+oo 



Let w„(t) := h(t + t n ). From (12. 8p . we have that w n converges, up to subsequence, in 



Cjq C (R) to some function w G C 1 ( 
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We now suppose that a = inf^ h (for this argument, the case a = sup R h is completely 
analogous). Then, 

w (0) = lim w n (0) = lim h(t n ) — a < lim h(t + t n ) = w(t) 
for any i G M, so u/(0) = and therefore, by (12.71) . for any t el, 
1^11! - H/^t)) = lim l^ML-W^Q) 
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= lim ' n \ )l -W{w{0)) = -W(a). □ 

Lemma 2.4. If h'(t ) = 0, t/ien h is symmetric with respect tot = t Q , that is h(t —t) = 
h{to + t) for any t G M. 

Proof. We set h±(t) := h(t ±t). Since /i£(t) = W(/i±(t)) for any t G R, h ± (0) = h(t ) 
and /i±(0) = 0, we deduce from Cauchy Uniqueness Theorem that h + (t) = h_(t). □ 

Lemma 2.5. If h has two or more critical points, then it is periodic. 

Proof. Suppose that h'(a) = h'(b) = with b > a and let T := b — a. Then, utilizing 
Lemma \2A\ 

h(t + T) = h(b + (t- a)) = h(b - (t - a)) 

= h(a - (t - b)) = h(a + (t- b)) = h(t - T) 

for any t G M., and so h has period 2T. □ 

Lemma 2.6. If \h\ < 1, then 

sup h = — inf h. 

Proof. Let 

m := inf /i and M := sup /i. 

R R 

By (E3D, we have 

W{m) = W(M). (2.10) 

Thus, by Rolle's Theorem, there exists £ G (m,M) such that = 0. 

From (11.21) . we deduce that £ G {— 1,0, +1}. But since, by assumption, both m and 
Af lie in [-1, 1], we have that £ G (m, M) C (-1, 1) and so £ = 0. 

This says that m < < M. Thus the claim follows from (II. 2p and (I2.10p . □ 
Lemma 2.7. Suppose that h is either non-periodic or it is constant but not zero. Then, 



W(iirf h) = w(sup/i) = 0. (2.1i; 
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Proof. If h is constant but not zero, then either h is constantly equal to —1 or it is 
constantly equal to +1, because of (jl.2p . 

Since in such cases (12. lip is obvious, we focus on the case in which h is not periodic. 
Then, by Lemma [2.51 

h has at most one critical point. (2-12) 

In particular, h attains either its sup or its inf at either +oo or — oo. So, let us assume, 
for defmiteness that 

sup/i = lim h{t), (2.13) 

the other cases being analogous. 

By (12. 8p . we obtain that the limit in (I2.13P holds in C 1 , therefore 

0= lim / h'{s + t)(j)'{s) + W'{h{s + t))(t){s)ds= [ W' ( sup h) </>(s) ds, 

for any G Cg°(R). 
This says that 

W'(mph) = 

and so, by (11.21) . 

sup/i G {-1,0, +1}. 

R 

If sup R h G { — 1, +1}, then (I2H1) holds true, recalling (12T9|) . 
Thus, we consider the case 

sup /i = 0. 

R 

Then, recalling (I2.12p . we have two possibilities: either 

mih= lim h(t), (2.14) 

R oo 

or there exists such that 

/i(t„) = inf /i. (2.15) 
Now, if (I2.14p holds, we repeat the argument after (12.131) to obtain that 

W'( inih) = 

V R / 

and so, by (TO) . 

inf h G { — 1, 0, +1}. (2.16) 

R 

Since h is not constantly equal to zero, we have that 

= sup h > inf h 
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and so (12.161) means that inf^/i — —1. This implies that (12. lip holds true, recalling 

Thus, we have only to deal with the case in which fl 2 . 1 5 [) holds, which we now show 
that is impossible. Indeed, if (I2.15P were true, we would have h'(t ) = and so, by 

(ED, 

W(0) = w(suph) = W{h{t )). 

\ R / 

Thus, by (11.21) . we would have that h(t ) = 0. That is, 

sup h — = inf h, 

r R 

in contradiction with our assumptions. □ 
Lemma 2.8. Let a < b. If h is monotone in (a,b) then 

[ \h'(t)\dt < 2sup|/i|. 

J a R 

Proof. We have 
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|ft'(t)|dt 
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-h{a)\ < 2sup|/i|. □ 



Lemma 2.9. Suppose \h\ < 1. Then, if h is not periodic, 



+oo 



\h'{t)\dt < 4. 

Proof. By Lemma 12.51 we see that only two cases hold: either h! never vanish or h! has 
only one zero. 

In any case, there exists c G M. in such a way that h'(t) ^ for any t 6 (— oo, c) U 
(c, +oo). 



Consequently, by Lemma 12.81 for any a < c < b, 

rb pc fb 

/ \h'(t)\dt= / \h'(t)\dt+ / |/i'(*)|dt<2sup|/i| + 2sup|/i|. 

J a J a J c R R 

Then, the desired result follows by sending a — > — oo and 6 — > +oo. □ 
Lemma 2.10. Let 

a E < inf h, sup /i > . 

I » R J 

Suppose \h\ < 1. Then, 

r +co \h'(t)\ 2 

/ li!±2L+wr(A(t))-^( (T )dt<C', (2.17) 

J-oo ^ 

/or a suitable structural constant C > 0, unless h is periodic and non-constant. 



Proof. Since (I2.17P is obvious for h constant, we focus on the case in which h is not 
periodic. 

We exploit Lemma I2T7] (I2.8P and (12.91) to conclude that 

-°° \h'(t)\ 2 

1 m +W(h(t))-W(a)dt 



CO 

CO 



2 

h'(t)\ 2 dt 



CO 

' CO 



<C \ti(t)\dt 

J —CO 

< AC. □ 

2.4 A compactness result 

We now point out a useful compactness criterion: 

Lemma 2.11. Let Uk be a sequence of solutions of (11. ip in the whole M 2 . Then, up to 
subsequence, Uk converges locally uniformly to some u which is also a solution of (II. ip 
in the whole M. 2 . 

Proof. By Grushin-elliptic regularity (see, e.g., P QI]J Q3J [II]), we have that 

IIWfcHc^R 2 ) — C 

for some C > 0, therefore up to subsequence, Uk converges locally uniformly to some 
u, and so 

u is continuous. (2-18) 

Moreover, for any a G (0, 1), the Grushin operator is uniformly elliptic in D a : = 
{\x\ G (a, 1/a)}, therefore standard elliptic estimates give that 

ll'Wfcllc 2 '^ ^ C a 

and so 

A G u(x) = W'{u{x)) (2.19) 

for any x G D a . 

Since a can be taken arbitrarily small, we have that (12.191) holds for any x G M 2 \ {0}. 
But then, since the map x i— > W'(u(x)) is continuous, by means of (I2.18p . it follows 
that Aqu is continuous too and so (12.191) holds for any x G 1R 2 . □ 

2.5 Basic spectral theory 

Lemma 2.12. Fix a G (0, 1), R > 1. Let x a = a + R and £1 := B R {x Q) 0). 
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for any v G C °°(O). 
Moreover, 



/ |V G ?f> / \d x v\ 2 + a\d y v\ 
Jn Jn 

> min{l, a} / | Vf | 2 . 
Jn 



(2.20) 



(2.21) 



Then, there exists Ael for which there exists a non-trivial solution <p of 

j A G (j) + X(f> = in f2, 
| = onffi. 

Moreover, we can take 

A6 ( -il- 

/or a suitable C > 0. 
Proof. We have 

/ |V G *f < / i^p + K + i?) 2 !^) 2 

" /n (2.22) 

< (1 + a + 2i?) 2 / |Vw| 2 . 

in 

Therefore, by standard Poincare inequality, 

/ |V G ?f<C(a,i?) / M 2 , (2.23) 



(2.24) 



From (12.231) . we thus follow the standard minimization argument, taking 

A= inf Ispf (2.25) 

and we recover compactness from (I2.24p and the classical embeddings, proving (12.201) . 
Now, if A and satisfy (I2.20p . we may suppose that 

9 = 1 



V r M 2 = A 



and so 

Jn 

which gives that A > 0. 
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Also, from fl 2 . 2 5 [) and a change of variable, 

/{(x-x )*+v<fl*} y) I 2 + bH^fo I 2 y) 



A = inf 

veCg°(B R (x o ,0))\{0} 



I {{x-x 



{(a;-x ) 4 +4y 2 <_R 4 } 



|w(x,|/)| 2 (i(a;,|/) 



inf 



L R~ 2 (d w tfj(w, z)f + R~ A \x + iH 



^6C °°(B 1 )\{0} J Bi ljj 2 



inf JBl 

^6C' [ ? o ( B i)\{0} 

< 10R- 2 inf 



M 2 



V>ec - (Bi)\{o> / Bi ^ 2 
This and the classical Poincare inequality imply (12.211) . 



□ 



2.6 Extension of bounded harmonic functions 

Lemma 2.13. Letu be Ac-harmonic in B r \{0} . Suppose that u is bounded in B r \{0} . 
Then, it may be extended to a Ac-harmonic in B r . 

Proof. The fundamental solution of Aq is ip(x,y) = (x 4 + 4?/ 2 )^ 1 (see Theorem 3.1 
of [3] for a formula for generalized Grushin operators). Thus, the argument on pages 
16-17 of [12] may be repeated verbatim. □ 



3 Monotonicity and stability 

We show that (11.41) is sufficient for stability. This is in analogy with the fact that 
monotonicity in any direction implies stability in the Euclidean setting (see J2]) - but 
in the Grushin plane the directions do not play the same role, thus (11.41) somehow 
selects the good direction for stability. 

Proposition 3.1. Let u G C 2 (R 2 ) be a solution of (11.11) satisfying (11.41) . 
Then, u is stable. 

Proof. The argument we present here is a modification of a classical one (see [T] and 
also Section 7 in [7J for a general result). We recall that we need to prove that for any 
smooth 0, compactly supported 

0< / |V G 0| 2 - f\u)<p 2 dx. 
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For any <p smooth and compactly supported, we have 

f(u)Tutp= d y (f(u))ip = - / f(u)d y (f 



/ A G ud y (p = - < V G u, V G d y ip > 
Jm. 2 Jr 2 

= [ < TV G u, V G y? >= [ < V g (Tm), V g ^ > . 
Jr 2 Jr 2 

Therefore, by taking (p := <p 2 / (Tu), and making use of the Cauchy-Schwarz inequality, 

J Rn Tu (Tu)* 1 ,V 

< [ \V G <f>\ 2 -f{u)<j> 2 dx. □ 



4 Energy estimates 

We follow here some ideas of [1] to estimate the energy 

For this, for any t G R, we define the translation 

u\x,y) := u(x,y + t) 

and the translated energy 

£ R {t) :=r R (u% 

Of course, £r(0) = .Fr(m). 

Lemma 4.1. Suppose that u G C 2 (M?, [-1, 1]) ; with Tu > and \V G u\ G L°°(1R 2 ) ; zs 
a solution of 

T7ien, i/iere exzsts a structural constant C in such a way that 

Sr(0) < £ R (t) + CR\ (4.1) 

/or any i e M and any R > 0. 

Proof. We prove (14.11) for £ > (this is enough, since u(x, —y) is also a solution). 
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d s R (t) = I <V G u\V G Tu t > +W'(u t )Tu t d£ 

Br(0) 



dt 



> [ (- A G (2V) +W'{u t ))Tu t d£ 

JdB± (0) 

= - R 2 \\V G u\\ L ao m [ d y u(RX,R 2 Y + t)dH\X,Y). 

JdBi (0) 



Hence, fixed any r > 0, 

Sr{t) - £ R (0) = J j/R(t)dt 

> -i? 2 ||V G u|| L oo {M2) f [ d y u(RX,R 2 Y + t)dH\X,Y)dt 

= -R 2 \\V G u\\ L o C{R 2 ) [ [ d y u(RX,R 2 Y + t)dtdH 1 (X,Y) 

JdB^O) JO 

= -R 2 \\ Vgm||l~ (R 2) / u(RX, R 2 Y + r) - u(RX, R 2 Y) dH\X, Y) 

JdB^O) 

> -2R 2 \\V G u\\ L o O{R 2 ) \\u\\ L o O(R 2 ) H 1 (dB l {0)), 

which gives (14. ip . □ 

Theorem 4.2. Suppose that u G C 2 (IR 2 , [—1,1]), with \V G u\ G L°°(IR 2 ) is a solution 
of 

A G it(0 = W '( u (0) for any £ G R 2 . 
Assume that (II. 4p /ioWs irue. 

Then, there exists a structural constant C in such a way that 

Fr(u) < CR 2 

for any R > 0. 

As a consequence, ( II. 5p holds true. 

Proof. We have that u is bounded and monotone in y, thanks to (II. 4p . Thus, we may 
define 

u^ix) := lim u(x,y). (4.2) 

j/— >±oo 

Then, from Lemma [2. Ill we have that 

A g m ± (x) = W'iu^x)) (4.3) 
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In fact, since u does not depend on y, we may write (14.31) as 

( M ±)"( x ) = W'i^ix)) (4.4) 

and so we may apply to u* 1 the ODE analysis developed in Section 12. 31 
For this, we observe that 

at least one between u + and u~ is either constant or non-periodic. (4-5) 

To prove (I4.5p . we argue by contradiction, supposing that u + and u~ are both periodic 
and non-constant. In particular, by Cauchy Uniqueness Theorem, {u^l < 1 and then, 
by Lemma 12.61 we would have that 

maxu ± = — mmu^. (4.6) 

R R 

But from (II. 4p . we know that 

u + (x) > u~(x) for any i£K (4-7) 
and so, if we set be such that 

> nun * HldX 

U± Omin) = m ro inM± aIld ^(^max) = maXU ± , 

Us, M 

we deduce from (14.61) and (14.71) that 

U (-^min) — U (-^min) ~~ ~ U (^max) ^* — U (•''max) 
— ~ U (-^max) ~~ U (-^min) ^ U (-^min)- 

This contradiction proves (14.51) . 
We now claim that 

either u + or u~ is non-periodic or constant but not zero. (4-8) 

To prove this, we argue by contradiction. Suppose (14.81) is false. Then, both u~ and 
u + are periodic. Then, at least one, say u + is constant, because of (14.51) . If u + were 
not equal to zero, then (14.81) would be true, thus we have to say that u + is constantly 
equal to zero and that u~ is periodic. But then u~ cannot be constant, otherwise (14.41) . 
(11. 2p and (ll.4p would say that u~ is constantly equal to —1 and (14.81) would be true. 
Thence, we are forced to the case in which u + is identically zero and u~ is periodic 
and non- const ant. Thus, by (11.41) . 

supw~ < 

R 

and so, by Lemma [2. 6 ( 

infw - = — supw~ > > supw - . 

K R R 
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This would say that u~ is constant, while we know it is not the case. 
This contradiction proves (14.81) . 

By means of (14.81) . up to a sign change, we may suppose that u + is either constant but 
not zero or it is non-periodic. Consequently, by Lemma [2.1 0[ 

00 \(v + Y(t)\ 2 

K ) K + W(u + (t)) - W(a + ) dt < C + , (4.9) 
-00 * 

for a suitable C + > 0, with 

o + G < inf u + , sup u + > . 
Ik u ) 



In fact, fl2TT|) and g^J give that 

| («+)'(*) | 2 



+ l^(w + (t))dt < C + . (4.10) 



Moreover, by (14. ip . 

£ fl (0) - Ci? 2 < lim £*(t) 



lim /• ggu^+ai! + t) } 

IVG t (x)l2 + ^ + (^))^^) 

'Bh(O) ^ 

< r 2 / + °°gg^ + ^ W)rf , dg 



/? 2 /2 



2 

12 



Thus, by glOD, 



ffl(0) - CR 2 < C + R 2 . □ 



5 The counter-example 

5.1 Monotonicity and Maximum Principle 

For any s£l and £ G M 2 , let 

'/:.(: C • (0,s). 

A domain Q C M 2 is said to be T-convex if for any £1 G and any a > such that 
T Q £i G f2 one has that T s £i G Q for every s G (0, a). 

That is, f2 is T-convex when vertical segments joining two points of Q lie in Q. 
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Theorem 5.1. Let Q be an arbitrary bounded domain ofM 2 which is T -convex. 
Let u G A 2 (Q) fl C(Q) be a solution of 

A G u + f(u) = in n 

u = ip on dQ 



(5.1) 



where f is a Lipschitz continuous function. Assume that for any £i, £2 G <9f2, suc/i 
£2 = T a ^i for some a > 0, we have, for each s G (0, a) either 

< u(T s ^) < ^(6) if % G Q (5.2) 

or 

V>(£i) < < if % G cKl (5.3) 

T/ien m satisfies 

u(T 5l O < u(T aa O (5.4) 
/or any < si < S2 < a <wirf /or every £ G f2. 

Moreover, u is the unique solution of A5.1\) in A 2 (f2) D C(fl) satisfying 115. ty) . 

The proof of this result is done through the sliding method introduced in [2] for uni- 
formly elliptic equations. This method uses two fundamental ingredients: the Max- 
imum Principle in small domains and the invariance of the operator with respect to 
"sliding" . In [5] the equivalent of Theorem 15.11 was proved for sub-elliptic equations 
in nilpotent Lie groups. There, the key "new" ingredient being a Holder estimate for 
Hormander type operators proved in [TH] that allowed to prove the Maximum Principle 
in small domains. 

The operator is invariant by T s translations and our equation satisfies the hypotheses 
of [13], hence the proof of Theorem 15. II proceeds exactly like the one given in [5], and 
we omit it. 

5.2 Existence of monotone solutions that are not one-dimen- 
sional 

The following result shows that Question 11.21 has a negative answer: 
Theorem 5.2. There exists a solution of 

A G u - W'{u) = 

in IR 2 such that Tu = d y u > 0. 
Also, such u is not one-dimensional. 
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Proof. We follow the two steps of [3]. 

Step 1. Construction of a monotone solution in a bounded set. 

Let M > be greater then the Lipschitz constant of /, let g(u) := f(u) + Mu, 
Q+ ■= (-R, R) x [0,R 2 ] and Q~ := (-R, R) x (-R 2 ,0). 

We consider the operator T on C a such that Tv = u is the classical solution of 

A G u — Mu = —g(v) in Q R 

u{x, 0) = 0, u(x, R 2 ) = 1, u(-R, y) = ip(y), u(R, y) = ip(y) 

where < if) < 1 with ^(0) = and ip{R 2 ) = 1. 
The following properties hold: 
(PI) T is well defined, see (HQ3]. 

(P2) It is monotone, i.e. < V\ < v-i < 1 implies Tv\ < Tv2- This is just the 
Maximum Principle, because with our choice of M we get that 

vi < v 2 =^ g(vi) > g(v 2 ). 

(P3) If < v < 1 then < Tf < 1 (again by Maximum Principle). 

(P4) For R sufficiently large there exists v > in some fixed subset of Q\ such that 
if Uk ■= T k {v ) then Uk > v Q for any k <E N. 

Let us prove (P4). 

Let 

and let i? be sufficiently large that contains a ball B such that I? fl {x = 0} = 
and A D the principal eigenvalue of —Ac in B satisfies 

/ 

A <-. 

We remark that we can take such a A in the light of Lemma 12.121 

Let ip be the corresponding eigenfunction normalized by sup if = 1. Our choice of A G 
implies that there exists e > such that 

\ e<p < \W'(e<p )\. (5.5) 

Now we define 



+ \ o (5-6) 



in i? 
in Q + R \ B. 

Observe that, in B, the Grushin operator is uniformly elliptic, and so by standard 
estimates we know that v G C a (Q R ). Using (15.51) . (P2) and (P3), we get that u Q = 
T(v ) > v Q . 

So, iteratively, T k (v Q ) > v for any fceN. This proves (P4). 
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By Lemma f2.11[ we may and do suppose that Uk ■ = T h {y ) converges to a solution 

U — Ur of 

f A G u - W'(u) =0 in Q+ 

\ u(x, 0) = 0, u(x, R 2 ) = 1 u(-R, y) = V(y), u(R, y) = ^(y) 

Note that u satisfies < u < 1. Hence, using Theorem 15.11 we know that 

dyU > 0. (5.7) 

Finally, we extend the solution to Qr = Q R U Q R by taking 



vn(x,y) :-- 



u(x,y) for (x, y) E 
-u(x,-y) for (x,y)eQ R 



Clearly, v r is a solution in Q R U Q^. Also the solution u is C 2 up to the boundary 
for i^O. Hence we get that vr is a solution in \ {(0, 0)}. To check that vr is a 
solution in all of Qr. Observe that the map ( i— > is in C a (QR), hence there 

exists w G Cf^(Qn) fl C(Qr) solution of 

A G w - H/>r) = in Q R . 

Then — -ur is Ac-harmonic in Qr\ {(0, 0)} and it is bounded. Thus, by Lemma \2. 131 
it is A^-harmonic in Qr, and so vr is a solution in all of Qr. 

Furthermore vr is monotone in T, in the sense that Tvr = 8 v vr > 0, because of (15.71) . 
Step 2. Let R —>■ oo. Then, by Lemma [2.11[ vr locally uniformly converges to some 
u, which is a solution of 

A G u - W'{u) = in R 2 . 

Furthermore, in Q^, 

v R = u = lim u k > v , 
due to (P4) and so, by (ESJ), u ^ in g+. 

Then, m is monotone i.e. d y u > 0, and it is therefore the counter-example we are 
looking for. 

Indeed, u is not one-dimensional; suppose, by contradiction, that there exists a function 
g such that 

u(x,y) = g(ax + by), 

for any (x, y) G M 2 . 

Then, the strict monotonicity in T of u implies that 

b^0. (5.8) 

Clearly g would be a solution of 

(a 2 + b 2 x 2 )g"[ax + by) - W'(g(ax + by)) = 0, (5.9) 
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for any (x, y) G M 2 . 

This implies that for any t along the lines ax + by = t, 

(a 2 + b 2 x 2 )g"(t)-W'(g(t)) = 0. 

Since b ^ 0, this implies that g" = 0. Hence W'(g(t)) = for any t and so g would be 
constant, in contradiction with the fact that Tu > 0. □ 
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